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Abstract.
The fundamental calibrations required to process radio interferometric data are discussed
along with a description of the editing necessary to obtain a good calibration.

1. Introduction

Lecture 1 showed that, under certain well-justified assumptions, a two-element
correlation interferometer measures the spatial coherence function of the radia-
tion field at a location given by the antenna separation, or baseline, measured in
wavelengths. Under other, generally well-justified assumptions, all these mea-
surements of the coherence function can be considered to lie upon a plane, so
that a two-dimensional Fourier transform suffices to obtain the sky brightness
as a function of angle. (See Lecture 19 for a discussion of the consequences of
having the measurements not lie sufficiently near a plane.) This spatial coher-
ence function is usually referred to as the ¢rue visibility function and is denoted
here by V;;, with the subscripts indicating which pair of antennas is involved.
An array of antennas samples this visibility function at many discrete locations.
Lectures 2, 3 and 4 describe how the signals are collected, amplified, converted,
transported, correlated and averaged. The data from each antenna pair are then
recorded; the resulting ensemble of numbers is called the observed visibility data.
In general, the recorded quantities are different from the desired visibilities. The
intent of calibration is to recover the true visibility. We will use the symbol V;;
to denote observed visibilities.

The observed visibilities differ from the true visibilities for a multitude of
reasons. The purpose this lecture is to discuss the origins and effects of the var-
ious mechanisms which affect the observed visibilities, to describe the methods
used to measure the errors, and to describe how these derived parameters are
used to estimate the true visibilities. We term this endeavor the calibration of
the data.

The process of identifying and discarding discrepant and severely corrupted
data is called editing. Discarding data is also commonly referred to as flagging,
although the original meaning of the term was to note, or mark questionable
data. Interference from terrestrial sources, antenna tracking inaccuracies, in-
clement weather, malfunctioning receivers, incorrect observing parameters, and
data recording errors are but a few of the problems that may require flagging
the affected data.

This lecture will emphasize calibration and editing problems and techniques
in use at the VLA, with some digression on VLBI techniques. The discussion
will emphasize general problems and not get too involved with specific VLA
applications and software.
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2. Basic Considerations

2.1. Synthesis equation and phase delay

The most useful array synthesis formulation for calibration purposes is Equa-
tion 1-13 from Lecture 1:

V(u, v) = / / A (1, m) I (1, m)e=2m@Hm) g gy (501)

where

v is the frequency of the radiation,
(I,m) specifies the direction cosines with respect to the phase-track-
ing center,’
(u,v) denotes the projected baseline coordinates, measured in wave-
lengths,
V(u,v) is the visibility function, evaluated at (u,v),
Ayl is the normalized reception pattern of the antenna, and

({,m
I,(I,m) is the intensity distribution of the source.

——

Since the visibility is sampled at discrete times for each antenna pair, it is often
useful to write the above equation as

© oo )
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where we have explicitly expressed the visibility and the spatial frequency coor-
dinates as functions of antenna pair (4, j) and time ¢. The term (ul+vm) in the
exponential is the geometric phase difference A¢, produced by the differential
path length between the radiation from the source located at (I,m) to each an-
tenna, compared with a fictitious source at the phase-tracking center with the
assumed baseline between the two antennas.

The total geometric phase difference ¢4, or geometric group delay 7,, for an
interferometer with baseline components (L, Ly, L,) is

27r(

¢g = 2nv7y = —(Lgcos H cos 0 — Lysin H cos § 4+ L, sin?) . (5-3)

!There are many ‘centers’ in radio interferometry, and we attempt to define them here. The
pointing center is the direction of maximum antenna gain. The phase-tracking center is the
direction for which the fringes have been stopped—that is, a point source in this direction
will produce a constant measured phase (except for the influences of the atmosphere and
electronics). This is also the direction for which the (u, v, w) coordinates are calculated, which
thus defines the origin of the (I, m) coordinates. The delay center is that direction for which the
coherence is maximized by inserting delay into one element of an interferometer to compensate
for the geometrical and instrumental differential delay. It is important to note that these various
centers are independent. The pointing and delay centers are fixed at the time of observation, but
the phase-tracking center can be changed through recomputation of the baseline coordinates
and phase-shifting the visibility data accordingly. This process is also known as moving the
tangent point.
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This equation follows directly from Equation 2-30 with the realization that
the delay is simply 27w. Then, to first order, the differential geometric delay
between radiation from another direction and the reference direction, or when
the baselines differ from those assumed, is:

2
Apg = 2nvATy = —W(AL:c cos H cosd — ALy sin H cos 6 + AL, sind
+ Aacosd(Lysin H + Ly cos H)
+ A§(—Lycos Hsind + Ly sin Hsiné + L, cos 6)) ,
where

AT, is the differential geometric delay between the phase
tracking center and the point of interest,
(Lg, Ly, L,) is the assumed baseline separation for the antenna
pair (i, ),
(ALg,ALy,AL,) is the (true-minus-assumed) baseline,
(a,6) is the true source position, and
(Aa, Ad) is the (true-minus-assumed) source position.

This relation is derived from Equation 2-31, using the astrometric coordinate
grid shown in Figure 2-11. Note that an error in time is equivalent to an error
in a.

Equation 5-3 is the basis for all interferometric analysis of antenna position
coordinates and the basis for determination of astronomical positions.

2.2. Calibration formalism

An interferometric array generates the observed visibilities f;;](t) In princi-

ple, the relationship between V and V can be arbitrary. Fortunately, however,
adherence to sound engineering practices ensures that most arrays, to a good
approximation, are linear devices: the output is a linear function of the input, or
very nearly so. Furthermore, the individual measurements are well-isolated: the
response associated with one antenna pair does not depend on the response of
any other antenna pair. The basic calibration formula can therefore be written
as

Vij(t) = Gij(t)Vij(t) + €3 (t) + mis(t) 5 (5-4)
where

t is the time of the observation,
Gi;(t) is the baseline-based complex gain,
€;j(t) is a baseline-based complex offset, and
7ij(t) is a stochastic complex noise.

Recall that the use of complex numbers is a convenience—it describes the com-
bination of two correlator outputs (often termed the ‘Real’ and ‘Imaginary’, or
‘Cosine’ and ‘Sine’ correlator outputs) into one complex quantity. Thus the
‘complex offset’ and ‘complex noise’ are merely the complex resultants of the
offsets and noises of two independent correlators.
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In practice, the visibilities are averaged over a time interval during which
they, or the complex gains, are not expected to change enough to perceptibly
lower the coherence. Since the field-of-view of the antenna primary element
limits the region from which signals are received, the maximum rate-of-change
of phase will come from points at the edge of this region. It can easily be
shown that an estimate of the maximum integration time in seconds is given by
Ating ~ 2D (i) / B(m), where By is the length of the baseline in km and D,
is the diameter of the antenna in meters. Longer time intervals are permissible
if the angular extent of the source is less than the primary beam size. The
permissible integration-time scales with the ratio of the primary beam size to
the source angular size.

2.3. Editing

Data editing can be considered a part of calibration, in the sense that there may
be periods of time when G cannot be determined accurately for some or all of
the antenna pairs. These data should then be removed.

There are several forms of editing: editing out the gross errors obvious in
the uncalibrated data represents one extreme; and editing subtle, or suspected
errors, where it is uncertain whether inclusion or exclusion of the data is the
better choice, represents the other. Various handy software display tools aid in
discovering the faulty data.

2.4. Calibration methods

Particular calibration methods depend on the detailed design of the array, the
severity of the problem, and the ingenuity and desperation of the engineers and
astronomers. Nevertheless, calibration methods can be divided into three basic
categories.

(1) Direct calibrations: The tolerances in the design of modern arrays must
meet exacting specifications to ensure stable and linear operation. For
example, the VLA is designed to have amplitude stability of better than
1%, and phase stability of better than one degree of phase per gigahertz of
observing frequency. Where instabilities and variations cannot be avoided,
special feedback circuitry and the monitoring of critical parameters within
the array system and in the environment around the array can be used to
correct for these changes as the observations progress. Some examples are
given in Section 4.

(2) Calibrator sources in the sky: An interferometer measures phase differences,
so there is no absolute phase reference. For any given observation, we
wish to reference the visibility phases to the phase-tracking center, which
is generally the same position as the center of the primary antenna beam.
To determine the antenna phase offsets, observations of a sky calibrator
are required. Further, if the array is not completely phase- or gain-stable,
periodic observations of calibrators are used to monitor these changes.
Finally, the atmosphere will cause time-variable phase changes to occur in
the data (mimicking the effect of unstable electronics), and observations
of a calibrator source are often made in an attempt to remove this effect.
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Calibrator observations are not concurrent or co-located in the sky with
the actual observations.

(3) Self-calibration: In some cases the source being observed can be used as a
test signal to calibrate the instrument. This type of calibration requires
strong signals and particular array properties. This is the subject of Lec-
ture 10 and will not be discussed in much detail in this lecture.

2.5. Calibration of amplitude and phase

A detailed look at the calibration Equation 5—4 and the use of calibrator sources
will be given in Section 7. Most data corruption occurs before the signal pairs are
correlated, so that the baseline-based complex gain G;;(t) can be approximated
by the product of the two associated antenna-based complex gains g;(t) and

95 (%), .
Gij (1) = gi(t)g; (1) = as(t)a; (1)’ O, (5-5)

where a;(t) is an antenna-based amplitude correction and ¢;(t) is the antenna-
based phase correction. Observations of calibrator sources determine G;;(t) for
each of the N(N — 1)/2 baselines, where N is the number of antennas. There
are simple algorithms which then solve for the N values of g;(t).

2.6. Multi-frequency and dual-polarization capability

Many systems have multi-frequency (widely separated frequency bands) and
dual-polarization capabilities. Most calibration operations that deal with the
internal array system must be performed separately for each frequency and po-
larization channel, since the respective propagation paths differ. Calibrations
associated with the geometry of the array or with the troposphere and iono-
sphere either are frequency independent or scale with known parameters. Such
calibrations need to be done once, at a convenient frequency or polarization.

It is often useful to measure the visibility function at many frequencies
within a narrow frequency range. These are called spectral line observations.
These require an additional calibration, discussed in Section 5, in which the
relative complex gains between the channels are determined. Except for this
calibration, all of the other calibrations are identical.

If both orthogonal polarizations are obtained at one frequency, then there
are four visibility functions that sample the spatial coherence function of the
complete electromagnetic radiation field (see Sec. 5.2 of Lecture 1). Most of the
correlation will be in only two of these—those including the I Stokes parameter.
These correlations are used to calibrate the array parameters and the system
gain. The remaining correlations (which depend on the linear and circular polar-
ization of the field) require a special calibration, called polarization calibration,
if polarization imaging is to be done. This calibration is discussed in Section 9.

3. Initial Calibrations

Before usable data can be taken, many instrumental parameters must be de-
termined. These include the antenna pointing, delays and positions. Another
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related parameter is the accurate position of the calibrator to be used for moni-
toring system gain. This section describes these calibrations. In almost all cases,
the parameters describing these effects must be determined and applied before
useful observing can begin.

3.1. Antenna pointing and gain

The fundamental synthesis formulation of Equation 5-1 assumes that the pri-
mary beam distribution 4, (/,m) is independent of time and identical for each
antenna. Small deviations occur, and some of the resulting effects can be cor-
rected at later stages of observations. The antennas, of course, must be able
to track accurately the diurnal motion of the source. Arrays composed of more
than two elements with significantly different primary beam shapes can properly
image only those sources which are small compared with the angular size of the
primary beam, unless sophisticated imaging software is used.

For accurate imaging, the tracking of the center of the primary beam for
all antennas must follow the intended sky position with an accuracy better than
one-tenth of the full-width to half-power (FWHP) of the primary beam. Sig-
nificantly larger errors can reduce the sensitivity of the observations and intro-
duce distortions in extended objects. The 0.1 FWHP tolerance should be even
smaller if a large part of the primary beam contains emission, either from one
large-diameter source or from a high density of background sources.

The antenna pointing error is the difference between the actual pointing po-
sition (the location of the center of the primary beam) and the desired position.
This difference has a complicated directional dependence because of misalign-
ment of the polar or elevation axis, gravitational deformation of the structure,
non-perpendicularity of the two axes, atmospheric refraction, and other effects
(Clark 1973b). The antenna pointing error is also a function of time, because of
differential heating of the structure. This pointing change can be estimated with
tiltmeters placed on appropriate parts of the antenna structure, and it can be
controlled to some degree by proper insulation of the antenna structure against
solar heating. Wind-loading on the antenna also causes pointing errors, with
time-scales of seconds.

Surveying methods and optical alignment of the antenna axis with Polaris
and other bright stars can determine the pointing accuracy on the sky to within
about ten arcminutes; better accuracy generally requires observations in many
parts of the sky of radio sources of known position, to determine the directional
dependence of the pointing errors. These are then fitted either to a physically-
meaningful mathematical model describing the antenna defects, or simply to ad
hoc trigonometric dependencies in the sky. If all of the pointing parameters are
to be determined (typically five for each coordinate), then at least twenty obser-
vations, well-distributed around the sky, are needed to obtain sound estimates
of the parameters.

Two types of observations are used to determine the pointing position from
a calibration source, total-power observations and interferometric observations.
Total-power observations have the advantage that they can be done by a single
telescope observing bright extended sources. Interferometric observations have
better stability, however. They also allow antenna-based pointing solutions,
which provide greater accuracy.
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The gain of an antenna decreases when observations are made near the
horizon, because of deformation of the antenna structure and surface. Although
it is often not a critical step in calibration, the dependence of gain upon zenith
angle can be determined via the pointing error analysis. If the intensity of
a calibrator source is known, then one can measure, as a function of zenith
angle, the ratio of visibility amplitude to intensity. Often the antenna surface is
designed so that maximum gain occurs at a zenith angle of about 30°. A decrease
of more than a factor of two in the gain occurs only at high frequencies, near
the limit of usefulness of the antenna.

3.2. Delay calibration

Equation 5-2 is the monochromatic synthesis equation. Since modern arrays are
designed to operate over large instantaneous bandwidths, the frequency response
over the desired bandwidth must be coherent. Large bandwidths, of course,
are required to obtain sufficiently high signal-to-noise from the weak celestial
sources. For a finite bandwidth, the integrated visibility function is

Vii(t) = /0 ( [ [ At me s dldm) PTG ()
(5-6)

(i,7) denotes an antenna pair,
v is the frequency,

Vij(t) is the visibility function integrated over the finite bandwidth,

) is the complex gain as a function of frequency,

A1, is the differential geometric delay for the i—j baseline (delay
relative to the delay-tracking center), and

AT, is the residual instrumental delay for the i—j baseline (the
error in inserted delay for the delay-tracking center).

If Av is used to denote the spanned bandwidth of the observations, then
the phase difference A¢ between the ends of the band, that results from a net
residual delay A1y — AT, is given by

A¢ = 2rAv(ATy — AT (5-7)

A significant loss of coherence across the band will occur if A¢ is greater than
about one radian. Thus, the delay between signals must be less than about
(160/ Av) nanoseconds, assuming Av is expressed in MHz.

Note that there are two different origins for a delay error. The first is
geometric—only the delays for the delay-tracking center can be offset through
insertion of delay in the system. Emission from other directions will suffer
some loss of coherence. This the origin of the ‘bandwidth-loss’ effect noted in
Lectures 2 and 18. The other origin is errors in the inserted delays, either due to
mis-calculation or mis-calibration of the required delay, or due to the inevitable
quantization of inserted delay.

Although the geometric delay can be precisely calculated, assuming knowl-
edge of the antenna positions, a small residual delay error will generally remain,
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due to differences in signal propagation times through the different electronic
paths. Note that these will vary between frequencies and polarizations within a
single antenna, as well as between antennas. Delay calibration normally refers to
the measurement of these small, but important, residual delays. The usual pro-
cedure is to observe a strong, isolated source of emission, and vary the delays in
small steps until a maximum in the coherence is found. Another method, which
in principle is much more sensitive, is to utilize the phase slope in frequency
caused by a delay error (c¢f. Eq. 5-7). In this method, the delays are varied
until the phase slope across the passband is zero. A spectral line correlator is
required.

An often forgotten calibration is equalization of the delay between the two
orthogonal polarization channels. Failure to correct for this delay will result in
decorrelation of the cross-hand response, which normally provides the informa-
tion on source polarization. Calibration of this delay is straightforward: observe
a strong calibrator that is highly polarized (3C 286 or 3C 138 is commonly used),
and adjust the delays until maximum signal is obtained on a cross-channel visi-
bility function. This additional delay is the propagation difference between the
two orthogonal polarization channels, and this amount should be added into all
antennas of one polarization channel. It is best to do this after the parallel-hand
delays have been set.

3.3. Time and place

The fundamental formula (Eq. 5-1) depends on the direction of the radiation
(time, since the Earth rotates) and on the separation of the two antennas (place).
If the baseline separation of the two antennas is in error or the source is not at
the phase-tracking center, or if there is an error in the time, then the observed
visibility phase ¢;;(t) will vary with time, as given in Equation 5-3. The time
reference, antenna locations, and calibrator location must be sufficiently well-
determined that the visibility phase does not vary by more than about a radian
over a characteristic time-scale. For the purpose of calibration, this time-scale
will be the time between calibration observations, say, ten minutes. (This is a
rather short time—one would prefer to lengthen the interval in order to increase
integration time on the target source. Lengthening the time interval will make
the baseline and time conditions more stringent.) A more fundamental time-
scale is the basic integration interval, typically 10 to 30 seconds. Errors in
these basic parameters which cause the phase to significantly change within
this time window will cause serious error in the measured coherence. Another
fundamental problem is in the calculation of the projected baseline (u,v,w).
Incorrect antenna positions or time will cause errors in (u,v,w), and thence
errors in the image due to incorrect gridding. The importance of this error will
depend on the field-of-view and the required fidelity. See Section 3 of Lecture 19
for an estimate of the required accuracy. Finally, another ramification of a clock
error will be erroneous pointing of the telescope. An error of a few seconds can
cause the telescope to completely miss the source.

It is instructive to calculate the necessary accuracies in the baselines and in
the time to keep the phase changes to less than a radian over 10 minutes. This
condition requires the initial calibration of the baseline to be accurate to about
four times the wavelength of the radiation, independent of the baseline length,
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or about 24 cm error at 5 GHz frequency. The accuracy of the time depends
on the baseline length. For a frequency of 5 GHz, on a baseline of 10 km, a
time error of 0.3 seconds will produce a phase error of about one radian over
ten minutes. Smaller corrections are discussed in Section 7.7. Modern time-
keeping can maintain the time to within a few milliseconds, equivalent to ~ 0.1
arcsecond. This is sufficient for coherent observations even with 30 km baselines
at 24 GHz.

Calibrator sources with accurately known positions which are precessed
accurately (see Clark 1973a, Clark 1982a) are observed over the sky in order to
determine the antenna positions and timing error. For multi-element arrays, the
data used are phase-referenced to a single antenna, whose position is assumed
known. The errors (AL;, ALy, AL,) in the baseline separations relative to this
antenna, those in the source positions (A, Ad), and the time error At (which is
equivalent to a zero-point shift in right ascension) can be determined by fitting
the time and angle variations of these phases to Equation 5-3 (c¢f. Wade 1970;
Brosche, Wade & Hjellming 1973). If the antenna locations are in error by many
wavelengths, observations of closely spaced sources should be performed first.
Alternatively, observations at a much lower frequency should suffice.

3.4. Amplitude check

A trivial but important initial calibration is to compare the approximate visibil-
ity amplitude from a radio calibrator for all of the baselines. If the calibrator is
unresolved, the amplitude should be about equal for all baselines. If one antenna
consistently shows a low amplitude with all its baselines, check the r.m.s. noise
while observing a weak source. If the ratio of signal to noise is normal, then
the antenna is probably working properly, but with the amplification somewhat
different. If the signal-to-noise ratio is more than a factor of five lower than that
for other antennas, then that antenna must be malfunctioning, and the data
may not be useful.

4. Routine Corrections

The initial calibrations described above are generally applied on-line. Parame-
ters describing the pointing characteristics of each antenna, the delay centering,
the antenna locations, and the clock setting are inserted into the appropriate
control computer. These allow the antennas to accurately track the source, and
the phase and delay compensation for the phase-tracking center to be correctly
calculated. However, these are not the only adjustments made while observing is
in progress. Other corrections, which we call routine corrections are performed
during observations. Although most observers do not deal with the routine
corrections, these are important in determining the quality of the final image.
These corrections include adjustments needed to track the phase and ampli-
tude variation introduced by the electronics and signal transportation systems,
and adjustments necessitated by the presence of the atmosphere. This section
describes these adjustments.
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4.1. Special array systems

Most arrays use sophisticated internal sensing circuits to measure and correct
temporal changes in the instrument as the observations proceed. Some of the
most important examples follow:

(1) Automatic Level Control: It is important that digital correlators receive
a constant power level from each antenna. Most modern arrays use au-
tomatic gain control (AGC, or ALC) to maintain this condition. This
is equivalent to making the receiver gain, when multiplied by the system
noise temperature, invariant. However, the latter quantity may change
for perfectly natural reasons, such as increased ground- or atmospheric
pickup, or due to moving from one region of the sky to another. Under
these conditions, the receiver gain will change, causing the resultant cor-
relation coefficient to change. It is desirable to monitor the variations in
receiver gain, and this is done by injecting a small amount of noise into the
receiver and synchronously detecting the increase. These variations can
then be used to correct the measured visibility. Gain changes outside of
the receivers (e.g., antenna gain changes with elevation, and atmospheric
attenuation) must be calibrated separately.

(2) Round-trip phase measuring schemes: Section 7.2 of Thompson et al. (1986)
describes several schemes designed to measure the phase path length along
the cables and waveguide that carry the local oscillator signal from the
master oscillator to each antenna. It is important to monitor the variations
of this path, since variations of the phase of the local oscillator at each
antenna will cause loss of coherence in the observed visibility if the changes
are large enough. The path length changes are corrected in the observed
visibility while the data are taken.

(3) Tiltmeters on the axes of the telescopes can monitor changes in the pointing
direction caused by wind and by thermal deformations. With sufficiently
fast feedback loops, the pointing position of the antenna can, in principle,
be corrected to within a few seconds of arc (Dewdney 1987).

The VLA and other arrays continually monitor temperatures, voltages, and
other parameters in all parts of the system. When some parameters are outside
of normal operating ranges, automatic editing of the affected data can occur.
As experience with an array grows, clever uses of the monitoring data can be
devised to better calibrate and edit the data during the observations.

4.2. Externally determined parameters

Some calibration parameters can be obtained from government monitoring pro-
grams or from other observatories whose instruments might be better suited
to determining the relevant information. Weather-related parameters will be
discussed in the next section. Earth-rotation and Earth axis orientation are
monitored by concerted VLBI observations; up-to-date parameters are available
from, e.g., Carter et al. (1985). Accurate positions of radio sources which are
suitable for use as calibrators are also determined by VLBI observations. The
longer-term motion of the Earth’s axis, precession and nutation are encompassed
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in accurate precession algorithms that have been developed over the last several
years. Smaller effects of Earth-tides, ocean loading, solar gravitational bending
and motion of tectonic plates are now readily available.

The absolute gain of most arrays cannot be measured to better than 5%
accuracy, but the relative gain stability is usually very much better than this.
Thus, the relative flux densities of sources can be measured accurately, often
to better than 0.5%. The absolute flux densities of the strongest sources are
measured by single antennas with stable, well-determined gains. These values
are adopted in most array work. An unfortunate problem is that most of the
strongest sources whose absolute flux densities are known are also heavily re-
solved by modern interferometers. The commonly used flux density references
are 3C 286, 3C48, 3C 147, and 3C295. Of these, only 3C 295 can safely be
assumed to be non-variable.

4.3. Path length changes in the troposphere and ionosphere

Propagation of radio signals through the Earth’s atmosphere causes a modifica-
tion of the phase of the signal due to refraction occurring within the medium.
Accurate interferometry requires correction of the visibilities for this perturba-
tion. The effects can be ascribed to two causes: the global, large-scale structure;
and the turbulent, small-scale structure. The turbulent effects are difficult to de-
termine from direct measurements—calibrator observations are only marginally
effective—except through self-calibration techniques. Most of the large-scale
effects can, fortunately, be predicted and corrected in real-time.

It is important to remember that the phase of an external signal measured
by an interferometer on level ground is unaffected by propagation through a
plane—parallel atmosphere. This is because such an atmosphere affects equally
all signals propagating through it, so that although the antenna pointing must be
corrected for the effects of refraction, the interferometer cannot sense the pres-
ence of the atmosphere. However, a real interferometer is not on level ground on
a flat Earth. Phase corrections are required, because of two effects: First, the
antennas will be located at different heights. Second, the separated locations
of the antennas mean that the objects observed will be seen at different eleva-
tions. Even though these differences are very slight, they are enough to require
significant correction.

Refractive effects are usefully considered to have two origins, a dry com-
ponent, about 6 km in thickness and a variable wet component, about 2 km in
thickness. The decrease in the propagation speed of the radio signal is about one
part in 3000, and independent of frequency up to about 300 GHz. This produces
an additional time delay of the signal through the troposphere of about 8 ns (at
the zenith), which is equivalent to an extra path length of 2.3 meters. From
ground-based observations of the pressure Py, water-vapor partial pressure P,,
and temperature 7', the excess propagation path can be roughly estimated. An
approximate formula is

L= 0-228Ptot + 6.3w , (5*8)
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where

P,y is the total ground-level pressure in millibars,
w is the vertical column water-vapor content above the array
(measured in centimeters), and
L is the total zenith excess path in centimeters.

A typical value of Py is 1010 millibars (at sea level). The water-vapor content is
highly variable, ranging from as low as 0.1 cm to perhaps 5 cm (see Lecture 28).
These zenith excess-paths can be converted into a phase path length between
two elements of an array at the zenith angle of the observations. For zenith
distances less than about 70°, a sec z law can safely be assumed. For antennas
separated by more than 100 km, in which case the tropospheric conditions are
essentially independent, a simple difference of the two path lengths is taken.
For antennas that are closer, as in connected-element interferometry, a good
approximation of the differential excess path length AL is

ctgL

AL = (Ah + sec z) sec z, (5-9)

To

where ¢ is the radius of the Earth, Ah is the height difference between the two
antennas, and 7, is the geometric delay between the elements. The second term
is typically 1075 of the baseline length, or a few centimeters for baselines of a
few kilometers. It obviously becomes much larger for low elevations, especially
when the antennas have a large differential delay—e.g., when they observe at
the same azimuth as the baseline. These corrections are usually made as the
observations progress. At zenith distances greater than ~ 70°, the curvature
of the atmosphere cannot be neglected, and the dependence on zenith distance
becomes more complicated.

Although the wet component of refraction is a small fraction of the dry com-
ponent, the irregular distribution of water-vapor means that the highly variable
phases which we see are dominated by this component. In the last few years,
radiometers have been built to measure the integrated water-vapor emission in
small regions of the sky, so as to allow estimation of the wet-term from this
integrated emission. See the discussion in Thompson, Moran & Swenson (1986)
for further details. There is some hope that such emission measurements may
produce estimates of the wet-term excess path accurate to a few millimeters.

The ionosphere is a magneto-active plasma in the region 60—2000 km above
the surface of the Earth. It affects the propagation of radio waves in two ways:
the signal is refracted by the ionosphere, and its plane of polarization is rotated
(this effect is discussed in Sec. 9.3 and in Lecture 29). The excess path L; (in
meters) in the zenith direction is

L; = —40v 2N, (5-10)

where v is the frequency in GHz and N, is the electron column density in units
of 10'® m~2. The excess path length is negative because the phase is advanced
with respect to a wave in vacuo. At 5 GHz using a typical daytime value for
N, of 3 x 1017 m~2, a path length difference of about 0.5 meter is obtained. A
typical nighttime value of the electron density is about a factor of five less. The
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differential excess path AL; between two antennas observing at zenith angle z
is
LiCT g

ALj= — s
' rocos?z+ 2k’

(5-11)
where h is the height of the ionosphere. An estimate of the electron column
density in the ionosphere can be obtained from the average solar activity or can
be measured using either an ionosonde or dual-frequency satellite transmissions.

The path length difference of the ionosphere is about the same as that of the
troposphere at a frequency of about 1.4 GHz. Since the ionospheric refraction
is dispersive (i.e., frequency dependent) it can be removed using dual-frequency
observations.

4.4. Absorption by the troposphere and ionosphere

Atmospheric opacity has two effects on visibility amplitude: First, the strength
S of the source signal is decreased to Se %%, Secondly, the atmosphere’s
emission adds to the system noise a contribution equal to Taim, (1 — e 7@ 5¢¢ %),
where 7, is the zenith opacity of the atmosphere and Ty, is the average tro-
pospheric temperature. Opacity can be determined by observing calibrators of
known flux density at various elevations. However, the flux densities must be
accurately known, the system gain must be very stable, and the dependence of
antenna gain on zenith angle may cause confusion. Tracking a strong calibrator
over a large range of zenith distance removes the first objection, but the sec-
ond and third requirements remain. A better method is to use tipping curves,
in which the total power from an antenna is monitored as the antenna slews
from the zenith to the horizon. The dependence of total power on zenith angle
provides a measure of opacity. Stable receivers are needed for accurate tipping
curves (cf. Uson 1986).

An approximate estimate of the opacity can be obtained from ground me-
teorological measurements via the formula

Toa=0ap+ a1 Py, (5-12)

where P, is the water-vapor partial pressure in millibars. The following table
lists ap and ay as functions of frequency.

Table 5-1. Coefficients to Estimate Atmospheric Opacity

Frequency o a1

15 GHz 0.013  0.0002
22 GHz 0.026 0.015
35 GHz 0.039 0.0039
90 GHz 0.039 0.013

Ionospheric absorption of radio signals is minimal. At a frequency of 100
MHz during periods of high ionospheric activity, the absorption is about 2% and
varies as the inverse-square of the frequency.
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5. Bandpass Calibration

We have, so far, ignored finite bandwidths, except for the discussion of delay
calibration in Section 3.2. There it was assumed that the observer was interested
only in the integrated visibility over as wide a bandwidth as possible, in order to
obtain the best signal-to-noise ratio. These are called continuum observations.
It is acceptable to sum the emission over the bandwidth prior to correlation,
provided that the delays are properly set (meaning the phase slope is very small),
that there are no important changes in the visibility within the integrated band,
and that the effects of chromatic aberration are unimportant.

However, these conditions may not be met, in which case it is necessary to
generate the coherence as a function of frequency. In particular, many interest-
ing radio sources contain atoms and molecules that emit most of their radiation
in narrow frequency ranges, so it is important to image the source at a large
number of adjacent frequency channels that span the width of the molecular
emission, and with sufficient resolution in frequency to separate emission re-
gions at different radial velocities. Or, in many cases, the effects of chromatic
aberration cannot be ignored, due to the presence of strong background sources
far from the phase-tracking center. In this case, observations must be taken
with narrow bandwidths to allow a larger field-of-view. If the sensitivity is to
be maintained, many observing bandwidths (or channels) are required. Such
observations are called spectral line observations.

Delay calibration (Sec. 3.2) equalizes the propagation difference of the indi-
vidual signal paths at the input of the correlator and removes the large phase gra-
dient across the observing band that would otherwise occur. To handle changes
of antenna gain with frequency, we can consider the baseline-based complex
gain to be a function of frequency—G;;(v). Compensating for the change of
gain with frequency is called bandpass calibration. For a well-engineered system,
variations of amplitude and phase across the bandpass will be small. Never-
theless, for many observations, the required channel-to-channel accuracy will be
greater than can be provided without bandpass calibration. This section briefly
describes these calibrations.

The relative frequency response of the set of frequency channels can be de-
termined by observing a strong calibrator source for sufficient time to reach the
required accuracy. It is important that the spectrum of the calibrator be flat over
the frequency band. It need not be a point source. Since the true visibility is
identical in all channels for a calibrator, the bandpass complex correlator-based
gain function for the i—j baseline and the k*® frequency channel is the observed
visibility V;;(v), divided by the correct visibility V;;(vg). The latter can be
determined by observing a very strong source with a continuum correlator. The
frequency-dependent, baseline-dependent gain can be factored into products of
antenna-based gains, so that the set of baseline-dependent bandpasses can be
converted into antenna-based bandpass amplitude and phase calibrations. The
bandpass function is not a strong function of time and is determined relatively
infrequently. In principle each significant change of frequency requires a new cal-
ibration, but the tolerance depends on the frequency characteristics of the array
and the accuracy of the observations. Certainly the small frequency changes
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that are made to compensate for the rotation of the Earth are insignificant as
far as the calibration is concerned.

Because of the narrow channel-width, accurate calibration of the antenna
bandpasses should only be done using very strong calibrators. Fortunately,
the time variation of these bandpass functions is very slow, so that for most
applications, one calibration per observing run is sufficient. Calibration of other
array parameters, such as temporal phase and gain fluctuations which affect
all the frequency channels equally, is accomplished using the entire bandpass
signal (i.e., summing the response over frequency). Again, because of the slow
variation of the system parameters with frequency, this calibration can be done
before the bandpass corrections are made.

In modern synthesis telescopes, the frequency separation is provided by
a digital cross-correlation spectrometer, rather than by a set of narrow-band
filters. The method and theory are discussed in Lectures 1 and 4. The output
from the Fourier transform of the cross-correlated spectrum is a set of visibility
functions at a grid of frequencies. The bandpass function can be obtained from
the same calibrator observations described above. A minor problem introduced
by the finite number of time lags in the correlator is that the ripples in the
bandpass function depend on the input phase of the observed visibility! The
real part of the visibility function is convolved somewhat differently than the
imaginary part. This can be remedied by lowering the frequency resolution by
smoothing (thus decreasing the amplitude of the ripples), or by increasing the
number of frequency channels (which increases the number of measured time
lags).

6. Editing

When parts of an array malfunction, data of poor quality are recorded, and their
inclusion in the imaging process will deteriorate the results. Even if it is possible
to calibrate the severely affected data, it may have too much noise or be unstable.
Data of poor quality are usually worse than no data at all. It is impossible to
display all of the data from modern synthesis telescopes. By carefully choosing
a subset of representative data, it is usually possible to discover faulty data in
nearly all of the data set, except in pathological cases.

Editing of array data is usually done in four steps. The first step was men-
tioned in Section 3.5—determining which antennas were working. This section
describes the second step of editing: removing outliers and looking for incon-
sistent data. Part of this editing is done by the automated, on-line monitoring
system and part by the observer looking over the data. The third step is done
during the calibration process, when longer-term problems come to light and
more subtle data problems may surface. The last editing step comes after the
image is made. If this image is of poor quality (noisier than it should be or
containing peculiar artifacts; see Lecture 13), then more data editing may be
required or the calibration may be in error.

6.1. External monitoring

Modern synthesis telescopes have internal checks which are intended to deter-
mine if the data being collected are of good quality. If it is clear that the data are
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in error (for example, if an antenna is not pointed at the source), then the system
should not even record the data. If there is any question about data validity,
then the data should be recorded and flagged bad, rather than discarded.

6.2. Scan consistency

Most observations consist of scans where the visibility function is sampled every
few seconds for a duration of several minutes. Since the visibility function for
any source is a slowly varying function of time, relatively simple tests of the data
consistency in a scan can be made. If the source visibility is limited by noise
(each sampled data point < 50) then only bursts of interference can be detected
in this manner. If each data point has good signal-to-noise ratio (> 10c), then
instabilities in the amplitude and phase can also be detected. The easiest test is
to determine the r.m.s. spread of the data about the mean visibility (remember,
it is a complex number) of the scan. Unless the source is strong, in which case
slight gain instabilities will be the more important contribution to the r.m.s.
scatter, it should be consistent with the expected noise. For a strong source,
if the phase scatter from the troposphere is large, then it is better to look at
the r.m.s. scatter of the visibility amplitude (rather than that of the complex
visibility) to find discrepant points. But also keep in mind that any visibility
variations of a strong source can easily be corrected through self-calibration.
One wants to retain those data that can be corrected, and delete only those that
are incorrigible.

The second method can be used if both polarizations at one frequency
are simultaneously observed with a telescope; then the difference between the
two parallel-hand visibility measurements should be consistent with noise. All
atmospheric fluctuations should cancel. The difference in the phase of the two
polarization channels is a good diagnostic of phase jumps in the system. Large
weather-related phase changes will cancel, while phase jumps in the system will
often affect the two channels differently.

Once a bad scan has been detected, it is relatively straightforward to find the
offending data point (or points) that produced the large r.m.s. scatter. Most
errors are associated with an antenna, hence data on all baselines associated
with that antenna at the relevant times must be edited out. Interference tends
to occur only on short baselines.

It is important to be consistent about the editing. For example, if the first
data sample for all calibrator observations is low because data were collected
before the antennas reached the source, then you should assume that the same
problem occurred for all sources, even though it is not possible to detect the
decrease for the weak sources. If a phase jump occurred in an antenna during
an observation interspersed between two calibrator sources, then, unless there
is some way to ascertain the exact time of the phase jump, it is better to delete
all data associated with that antenna for the intervening observations.

6.3. Data displays

Displays using TV devices are useful for showing all of the data in a conveniently
assimilated form, from which discrepant points can be recognized and discarded.
The data are generally gridded into a two-dimensional matrix, with time as
one axis and baseline the other. The amplitude is usually displayed as grey-



5. CALIBRATION AND EDITING 95

scale intensity or color-coded in some convenient manner. The AIPS program
‘TVFLG’ provides this capability.

The most useful baseline ordering is that associated with one antenna, since
almost all large perturbations of the observed visibilities are antenna-based.
Such an ordering might be (‘/12, Vig, - - s Vin, Vas, Voa, ... s Von, ooy ey VN_Q’N_I,
Vn—2,n,VN—1,n)- Errors that are associated with any antenna should be obvi-
ous from the appropriate group. For sources that are extended and that have
larger visibility amplitude at short spacings, ordering the baselines by increasing
separation might be more useful. For noise-dominated sources, the grey-scale
or color-coding should be chosen so that points greater than 50 can be easily
recognized. It should be convenient to use a cursor on the TV display to point
to discrepant data points, which can then be automatically flagged in the data
base.

The editing of spectral-line data is time-consuming. A simple scheme is to
scrutinize and edit the associated wide-band channel and then edit all associ-
ated spectral channels (task TVFLG in AIPS). With a display in which time is
represented on one axis and spectral channel on another, individual discrepant
spectral data points can be easily found and flagged (task SPFLG in AIPS).

6.4. Shadowing

When the projected spacing between two antennas is less than the diameter
of the antenna, the radiation from the source to the far antenna is partially
blocked by the near antenna. Although the geometrical blockage can be eas-
ily calculated, it is not generally safe to assume that the affected data can be
corrected through an antenna-based multiplication, since the ‘shadow’ will be
modified by diffraction effects. Furthermore, the blockage affects the primary
beam pattern and the effective baseline length. Thus, a properly cautious pro-
cedure is to delete all data associated with the shadowed antenna. Be on the
lookout for large, correlated signals, which can also occur under near-shadowing
conditions.

6.5. Long-term consistency

Consistency of the data over long periods of time is difficult to determine before
calibrating the data. Periodic observations of calibrator sources are important in
determining long-term stability and discontinuous changes in the system. This
will be discussed in Sections 7.8-7.10.

7. Final Calibration Using Radio Sources

The previous sections outlined initial calibration and editing of the visibility
data, including the use of on-line monitoring. The final adjustment of the cal-
ibration is made by observations of radio sources in the sky. Calibrating the
instrument using a radio source is an ad hoc method of calibration. It does
not determine the cause of the calibration problem; it determines the complex
gain of the entire system at a specific time and in a specific direction. It is
therefore important to eliminate major directionally dependent calibration er-
rors and short time-scale variations before using calibrator sources for temporal
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calibration. Calibrator sources are most useful for determining temporal varia-
tions over time-scales longer than about five minutes; most of these variations
are associated with refraction variations over the array, caused by the tropo-
sphere and ionosphere. In this section we will investigate how to fully exploit
the calibration equation 5—4.

7.1. Calibrator source properties

Radio astronomers are fortunate that there are hundreds of isolated, small-
diameter radio sources with high flux density. These sources have ideal proper-
ties for a test signal: they are not significantly variable (over the time-scale of
observation), they have accurately measured positions in the sky, their spectra
are known and simple, they are strong enough to allow calibration in a short
time, and they are isolated from nearby confusing sources. In short, the true vis-
ibility, V;;(t) is known for these sources; hence the various calibration gain terms

in Equation 5-3 can be determined from the observed visibility, V;;(t). These test
signals are especially useful because they traverse the entire array system, from
the ionosphere and troposphere, through all of the electronics, to the sampling
and recording devices. They have their limitations because calibrator observa-
tions cannot, in general, be made simultaneously and at the same location in the
sky as the source that is being calibrated. Thus, calibrator sources cannot cali-
brate gain variations that have time-scales shorter than about one minute, the
typical time it takes to cycle the array between the calibrator and the source, or
that have angular size-scales larger than a few degrees. A fortunate exception
occurs if the target source itself is strong enough to calibrate the array (self-
calibration), or there lies within the field-of-view a calibrator source (which is
essentially the same thing as self-calibration).

7.2. The offset term

The baseline-based offset term ¢;;(t) is generally negligible unless a correlator
is malfunctioning, or unless there is significant cross-talk between the various
antenna channels. The simplest method to determine this term is to observe
a part of the radio sky that contains no emission and integrate many hours in
order to decrease the contribution 7;;(t) from the stochastic noise sources. An
hour’s integration time should suffice to find correlators that have significant
offset problems. Twelve-hour integration is needed to determine offsets that
might cause artifacts in the images made with many tens of hours of integration
time. The measured visibility on each baseline is then an estimate of the offset
term. Unfortunately, at low frequency and low resolution any random location
in the sky will contain emission that can be detected in only a few minutes of
integration and contaminate the measurement of any offset signal.

Two methods of reducing the presence of real signal are available. The first
is to calibrate the data assuming the offset term is negligible and make an image
of the emission in the field. Subtract the visibility function associated with the
real structure from the observed visibility data and average the residual visibility
data over time for each baseline. This will give a good measure of the offsets,
which can then be subtracted from the original data.

If both polarizations are observed at one frequency, the difference in the
offset term can be determined. For example, if the two channels are the right-
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circular polarization and the left-circular polarization, their difference, which
measures the circular polarization of the emission, is insignificant for most radio
sources. Residual visibility in the average signal from a correlator that is much
larger than that expected from noise is a measure of the difference of the offset
term between the two polarizations.

These methods assume that any offset signal is reasonably constant over
many hours. If the variations are short-term, they are difficult to find; but
they then act more like stochastic noise, which will average out to some extent.
Once the baseline-based complex offset terms are determined, they should be
subtracted from the observed visibility function or flagged from the database
before any other calibrations are made.

7.3. Averaging of calibration observations

In order to increase the accuracy of the computed complex gain, calibrator
sources are observed for several minutes and a suitable average of the observed
visibility is obtained. An unbiased estimate of the phase is determined by taking
the vector average of the visibilities; an unbiased estimate of the amplitude is
more difficult to obtain. Since the amplitude and phase fluctuations of most
instrumental effects are uncorrelated, separate averaging of the amplitude and
phase produce the best estimate of each. Often the amplitude instability is less
than one percent, while tropospheric turbulence produces visibility phase-winds
of many degrees. Vector averaging of the visibility function will produce an
amplitude that is low because of the decorrelation by the phase-wind. Under
these conditions, an arithmetic average of the amplitudes alone is preferable.
However, if the signal-to-noise ratio for the calibrator source for each time sample
is less than about five, then this simple average of the amplitude will be increased
by a noise bias (see Fig. 9-2 and related discussion). An arithmetic average is
generally recommended, unless the signal-to-noise ratio is very low. In this case,
the vector averaging time must be kept shorter than the decorrelation time-scale.

7.4. Baseline-based calibration

The most straightforward use of calibrator observations is for determination
of the complex gain G;; for each baseline. For the sake of simplicity, assume
that the calibrator source is a point source of known flux density S and known
position; thus the true complex visibility amplitude is S—i.e., the amplitude is
S Jy, and the phase is zero degrees. At the time of observation of the calibrator,
the complex baseline-based gain is

A0

Gij(t) = % (5-13)

In words, the estimate of the gain is the observed complex visibility of the
calibrator, divided by its flux density. The offset term ¢;;(t) is assumed to be
negligible or already removed, and the noise 7;;(t) is assumed to be negligible
after proper averaging of the data in the scan. These assumptions are nearly
always well-justified.
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7.5. Antenna-based solutions for amplitude and phase

In Section 2.5 we noted that most data corruption occurs before the signals are
correlated, so it is convenient to write the baseline-based complex gain G;;(t) as

Gij(t) = 9i(t)g; (t)gi; (1) , (5-14)
where

gi(t) is the antenna-based complex gain for antenna ¢, and
9i(t) is the residual baseline-based complex gain.

Note that, if the baseline gain can be perfectly factored into a product of antenna
gains, then g;; = 1. For well-designed systems, this residual is within one percent
of unity. This term is commonly (and unfortunately) called the ‘closure error’.

Equation 5-14 can then be separated into an amplitude and a phase to give

Aij(t) = ai(t)a;j(t)ai;(t) (5-15)

and
Pij(t) = ¢i(t) — b;(t) + ¢45(t) - (5-16)
Let us represent the true and the observed visibilities as V;; = Aijei‘/’ii and

Vij = Aijei@f , respectively. Then, for a point-source calibrator of flux density
S, we have A;; = S and ¢;; = 0. The calibration equations then become

;‘L’j = aiajaijS (5717)

and

Bij = i — ;i + dij, (5-18)
which can easily be solved for a; and ¢; for all N antennas, provided that the
‘closure term’ g;; is close to unity.

Several solution methods are available. For the phase, a linear least-squares
solution can be used to estimate the antenna-based phases. Because the equa-
tions depend on differences between the antenna-based phases, one antenna
phase is arbitrary, and is normally taken as zero. The antenna gains can be
solved for by linearizing the gain equation through use of logarithms, then uti-
lizing least-squares. This method, unfortunately, is susceptible to a biasing
effect, due to noise—so that weak calibrators cannot be used to obtain reliable
estimates of the gain amplitudes. A better approach is to solve the complex
equation simultaneously for the amplitude and phase.

An estimate of the residual baseline-based error, often called the closure
phase (unfortunately not the same as the structure-dependent closure phase),
can be obtained from

bij = Pij — di + ;- (5-19)
This quantity should be less than one degree for a well-designed system. Simi-
larly, the residual amplitude can be determined from
a;a;S

(5-20)

aij =
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and should not exceed 1.01 for a well-designed system.

There are three reasons why antenna-based calibration values are preferred
over baseline-based ones. First, most variations in the instrument are related
to particular antennas, whether they arise from the medium above the antenna
or the electronic components. The errors due to a well-designed correlator are
always vastly smaller.

Secondly, since the number of baselines in an array of N elements (N > 4)
is far larger than the number of elements, the computer capacity needed to
store the calibration parameters and to apply them to the observed visibilities
is reduced using antenna-based relations. Even if the baseline-based errors are
significant, they are often constant with time—so a single determination of these
errors can be used globally, to correct a large set of data.

Finally, antenna-based calibrations can be determined without the full set
of baseline data. This is extremely important when using calibrators which are
partially resolved, or confused by nearby sources. Such calibrators are often
adequately approximated by a point source over a limited range of baseline
lengths. Provided that all correlations between antennas are obtained, good
calibration solutions can still be obtained in spite of stringent restrictions in the
allowed range of spacings.

7.6. Imperfect calibrators

Calibrators are, in general, not point sources. For high-resolution arrays, as in
VLBI, all bright sources are resolved. At lower resolution and lower frequencies,
many VLA calibrators can be considered point sources, but with extended emis-
sion present and with susceptibility to confusion from nearby sources. Partially
resolved sources are still useful, provided the visibility is nearly enough constant
over a sufficient range in baseline spacing. A good example of this is shown in
Lecture 13.

If the calibrator source has a complex structure and cannot be approximated
by a point source for any reasonable range of baselines, then self-calibration
techniques are necessary to derive the antenna-based complex gain. The details
of this process are given in Lecture 10. In that lecture the main impetus is to
derive a good approximation of the source brightness distribution. However,
the antenna-based complex gains must also be derived and it is these which are
required for the calibration of the instrument. The calibration source should
not be too complex, in order to avoid the ambiguities of determining both the
structure and the complex gain.

7.7. Directional calibration—astrometry

Although an important reason for frequent calibration observations is to deter-
mine the temporal changes of the array (particularly those caused by refraction
in the troposphere and ionosphere), there is always a residual directional depen-
dence of both the amplitude and phase of the gain. The effect of this dependence
can be minimized if the calibrator source is close to the field that is being im-
aged, but it is best to determine the directional dependence as accurately as
possible.

In most array operations, special calibrator observations are made to de-
termine the directional dependencies, which are generally stable over periods
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of days. This often is done by observatory support staff, rather than observers
themselves. Once these corrections have been determined, observers are free
to concentrate their own calibration efforts on the problem of temporal varia-
tions (i.e., excluding directional effects). The typical observational scheme to
determine the directional dependencies is to observe a large number of good-
quality calibrator sources well-distributed over the sky, and packed into as short
a period of time as possible—typically, about twenty observations in one hour.
Observations at night and during clear, windless weather conditions, when tro-
pospheric refraction variations are minimal, are the most productive. The sky
coverage and the type of calibrator sources depend on the parameters that are
to be calibrated. When carried to its extreme, this type of calibration is called
astrometry and the following parameters can be determined:

1. Accurate locations of the antennas;

Antenna structure parameters (axis intersection displacement, for
example);

More accurate positions of the calibrator sources;

Earth rotation (clock error);

Earth orientation (polar motion);

Zenith delay of the troposphere or the ionosphere;

Amplitude versus elevation dependence; and

Apparent displacement by the solar gravitational field.

N

NSO W

When this type of observation is made periodically, changes in the above
parameters can be monitored. Motion of the location of antenna which are on
different tectonic plates are important geophysical data. Better values for the
Earth precession, nutation, polar-motion traces, tidal motions, Earth-rotation
changes, etc. can be determined.

Many of the above effects are of the order of milli-arcseconds and require
very high-resolution arrays—particularly VLBI arrays, with antennas separated
by many thousands of kilometers. Because these effects have similar directional
dependencies, many observations of calibrators all over the sky are needed; com-
plicated analysis methods are used, based on models similar to Equation 5-3,
and embodying the geometric dependence of each relevant effect. When VLBI
techniques are used, the delay (called group delay by VLBI’ers) is used rather
than the phase delay, and a sophisticated form of the delay calibration of Sec-
tion 3.2 is applied. The NASA software program known as ‘CALC’ makes initial
estimates of these parameters, and the program ‘SOLVE’ then determines re-
fined values from a set of antenna-based phases or group delays. See Lecture 23
for more details.

7.8. Checking the calibration: closure errors

An important step in calibrating and editing the data is to check the validity of
the assumption that the complex gain of the observations can be approximated
by antenna-based solutions—for each antenna, frequency and polarization. The
soundness of this assumption is determined by the magnitude of the closure
error. Some examples and suggested remedies are discussed below.

The closure errors are defined in Equations 5-19 and 5-20. They are, in
essence, those residual amplitudes and phases for each baseline, averaged over
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the scan, which—if applied to the true visibility function after application of the
best antenna-based gain—would reproduce the observed visibility function. For
most arrays, amplitude closure errors should be less than 2%, and phase closure
errors should be less than 2°.

If several baselines show significant, constant closure errors using different
calibrator sources, then g;; is different from unity and closure correction should
be applied to all of the visibility measurements. If all of the large closure errors
are associated with baselines to one antenna, the data from that antenna are
suspect and should be closely scrutinized.

If closure errors are mainly associated with short baselines or with long base-
lines, then the calibrator source may not be sufficiently point-like. Structure in
a radio calibrator can be confirmed if both polarizations at the same frequency
show similar closure errors for the same baselines. Restricting the range of base-
lines can improve the solution quality. At last resort, self-calibration techniques
that determine both the source structure and the antenna-based gain solution
may have to be used.

Occasional large, anomalous closure errors on some baselines are indicative
of interference or very discrepant data within a scan. Such data can usually be
found by scrutiny of the individual points in the scan, for the relevant antennas
or baselines. Interference spikes, extreme instability, contaminating signal from
the Sun, or radar can be the cause.

Closure errors can be recognized only in calibrator observations, because
their effects are subtle on a source with any degree of complexity. After the
data problems have been determined, careful judgement must be used in apply-
ing closure error corrections derived from calibrator observations. For example,
if just one antenna is producing large closure errors for many baselines for all
calibrator data, it is best to flag all that antenna’s data during the period of mis-
behavior. Under these conditions, it is likely the bad data affected the previously
determined antenna gains, so it is wise to recalibrate.

Closure errors of a few percent are present in most observations at the
VLA. They are caused by a variety of subtle problems: timing problems in the
correlator, amplitude and phase variations over the frequency band, delay errors,
and non-quadrature of the real and imaginary parts of the measured visibility
function (e.g., Thompson 1980). All of these effects are stable over days. These
closure errors produce artifacts in images at a level of about 5000: 1. If you wish
to image a very strong source then it is best to calibrate these closure errors as
well as possible. There are several very bright point sources (3C 84 for example)
that produce sufficient signal-to-noise ratio to allow determination of closure
errors and their stability. Once determined, these closure corrections should be
applied to the data before obtaining antenna-based calibrations or running the
self-calibration algorithm.

7.9. Checking the calibration: amplitude stability

During observing, many calibrator observations are made; afterward, the ob-
server generates a table of the amplitude calibration of each antenna, for all
frequencies and polarizations. If the array is operating well, the amplitude for
any antenna should not vary over the observation period by more than a few
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percent; also, the amplitude ratio between antennas should be in the range 0.8
to 1.2. Problems frequently arise, however.

The flux density of some or all of the calibrators may be in error. Nearly all
good point calibrators are variable, especially at high frequencies. More accurate
relative flux densities for all of one’s calibrators can be obtained from the ratio of
the amplitude calibration from any or all of the antennas for the different sources.
For example, if all of the antenna amplitude solutions for source A are 1.2 times
greater than those for source B, then one can assume that the flux density of
source A is a factor v/1.2 less than that of source B. The absolute flux density
scale for the observations cannot be measured directly. Some radio sources have
accurately-measured flux densities over a wide range of frequencies; one or more
of these sources should be observed a few times during the run (3C 286, 3C 48,
Planets, Planetary Nebulae).

Jumps or changes in the amplitude calibration for some antennas is an in-
dication of real instabilities. Whether to flag these data depends on the type
of experiment and the severity of the instability. If there is correlation of the
instabilities in the two polarizations, then the problem may be due to shadowing
or mis-pointing of the telescopes. The delay-zero may also be in error. If all of
the antennas follow the same changes in amplitude, then residual gain vs. eleva-
tion problems (associated with sky absorption, antenna inefficiency, or ground
pickup) may be occurring.

7.10. Checking the calibration: phase stability

For most observations the phase stability is determined by the tropospheric and
ionospheric refraction turbulence over the array, the most important component
being the water-vapor distribution. How well frequent calibrations correct for
this phase error in a nearby source will be discussed in Section 8. If both po-
larizations at one frequency are simultaneously observed, their phase difference
should cancel all refraction variations; this is a good diagnostic of the system
phase behavior. The difference should not vary by more than 5° over twelve
hours. Many system phase jumps are different at the two polarizations and can
be seen in the difference. If the antennas are separated by more than 100 km
and the ionospheric refraction is large, then differential Faraday rotation of the
two circular polarizations may be significant. See Section 9.3.

There are several tests of the phase variations that will indicate whether
they are likely caused by weather. First, the fluctuations should roughly scale
with frequency if they are tropospheric or scale with wavelength if they are
ionospheric. Secondly, the fluctuations will scale with baseline length, b. For
baselines less than 2 km the scaling goes as b°® which is indicative of Kolmogorov
turbulence. For baseline between 2 km and 100 km the scaling goes as b%-3.
For longer baselines the variations do not increase much. These relations are
only approximate (Sramek 1983). Of course, the general tendency of the phase
fluctuations should be correlated with the weather. Dry, windless days should
be stable; periods of afternoon thunderstorms should be dreadful; nights are
better than days; solar minimum is better than solar maximum.

Look for phase drifts in the antenna phase solutions over a period of several
hours. If phase drifts are noticeable in one or a few antennas it is likely that
the assumed antenna positions are in error. Check with the array operator in
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order to determine the status of the antenna position calibration. If many of the
antennas show phase drifts that scale with baseline length from the reference
antenna, then the source position is probably in error. A better position can be
obtained from imaging or by use of Equation 5-3. If the phase drift occurs for
all of the sources, then the array time standard may be in error.

7.11. Calibrator choice

In general, the closer the calibrator is to the source the better: direction-
dependent gain terms then are less important. Some improvement in the calibra-
tion of temporal fluctuations caused by the troposphere occurs with a calibrator
only a few degrees away from the source, but most of the benefit is lost because
of the non-simultaneity of the calibrator and source observations. The most
conservative calibration scheme is to observe in the sequence calibrator—source—
calibrator. If you are particularly concerned about direction-dependent errors,
then the use of several calibrators surrounding the source (or two calibrators
collinear with the source) is recommended. These extreme configurations are
needed for VLBI observations if phase coherence is desired. The faster the cy-
cling time between sources, the better. However, most of the time will be used
for calibration, and this may make the signal-to-noise ratio for the source too
low. See Lectures 22, 28 and 29 for guidelines specific to a given frequency and
array.

8. Application of the Calibration Values

Depending on their origin, the calibration values are applied to the measured
visibility function with different time-scales and in different ways. After a major
reconfiguration of the array or a substantial change in the electronics, approxi-
mate parameters are introduced into the system (antenna locations, delay zeros,
antenna pointing parameters)—generally in the on-line computer that controls
the telescope, collects the data, and records it on tape. Since these values may
be in serious error and contaminate the data quality, initial calibrations are re-
quired, as described in Section 3. The relevant parameters must be changed in
the on-line computer before serious observing is done. Other direct calibrations
(Sec. 4) are applied as the data are collected—for example, the path length
monitoring of the local oscillator and the automatic level correction.

8.1. Gain tables

Some calibrations are uncertain, so they should not be applied directly to the
data unless in a form which can be undone. For example, correction of the path
length due to the tropospheric delay, as determined by ground-based weather
monitoring, is uncertain and may be revised at a later time. If these calibrations
are relatively slowly changing they can be stored in what is called a gain table.
This is a tabular array of numbers that contains the antenna-based amplitude
and phase calibration values (or baseline-based values) at convenient intervals
of time. Whether each calibration step has its own gain table or all of them
are lumped into one table depends on the software system. But, it is important
to be able to reproduce the values associated with any calibration—in order to
undo its effect, if necessary. At the VLA, the practice is to have gain table
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entries corresponding to the beginning and end of each scan, and entries at
ten-minute intervals within long scans. For VLBI observations, gain tables are
usually produced at shorter intervals. The changes in the amplitude between
gain table entries should not exceed more than about 25%; the changes in phase
should not exceed more than about 30°—otherwise interpolation of the gain
entries to intermediate times will be too much in error.

8.2. Interpolation within the gain table

The calibration of the array using radio sources, discussed in Section 7, produces
a table of antenna-based amplitude and phase calibrations for each antenna, fre-
quency, and polarization at the mean time of the calibration scan. These values
are separated by the time between calibrator observations, typically ten to forty
minutes. How should these values be interpolated for times between calibrator
observations? If the calibration variations are small, it matters little what inter-
polation scheme is used to transfer the values into the gain table. Similarly, if
the calibration variations are very large, it also makes little difference, since the
detailed fluctuations in the calibrator may not be highly correlated with those in
the source. The recommendation here is to use a relatively long averaging time
of the calibration values (running means over periods that include about three
observations) and apply these smooth values to all the data. This scheme will
calibrate the longer-term variations, and the residual errors left in the calibrator
observations themselves will be a reasonable indication of the residual errors in
the source observations. Regardless of the interpolation scheme, the amplitude
and the phase should be interpolated separately; not the real and imaginary
parts of the antenna-based gain.

8.3. Large phase-fluctuations

On long baselines and in periods of poor weather there are large differences in
the antenna-based phase between successive calibrator observations. Unless the
phase change is consistent with a linear drift (look for a drift during the cali-
brator scan), it may be difficult to (sensibly) interpolate between the calibrator
observations. Lobe ambiguities will occur if the phase change between two suc-
cessive calibrator observations is near 180°. With this ambiguity, interpolation
may give entirely the wrong result. So, in the extreme case we say that the array
is incoherent over the time-scale of the calibration gaps. It may be coherent for
shorter time-scales and for shorter baselines.

One method of sorting out possible lobe ambiguities is to determine the
magnitude and direction of the phase difference between the two calibrator ob-
servations at short baselines. Since phase fluctuations are coherent over many
kilometers, lobe ambiguities of long baselines may be resolved by the phase
change at the shorter baselines. Similarly, if observations are made simultane-
ously at another frequency, the frequency scaling of tropospheric fluctuations
from the lower frequency may be an aid. Fluctuations from the ionosphere can
be handled somewhat differently and are discussed in Section 10.
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9. Polarization Calibration

As shown in Lecture 1, the complete state of the radiation field is most con-
veniently described by the superposition of two orthogonal polarizations. The
complete spatial coherence of this vector field is described by four correlations.
For example, if the dual-polarization feeds measure the right circular polariza-
tion (R) and the left circular polarization (L), then the four visibility functions
are Rx R, Lx L, R L, and L x R. The previous discussion concerned the
calibration of the parallel hand correlations, R x R and L x L. With these two
visibility functions, the complex gains of the two polarization channels can be
calibrated. If the dual-polarization channels were precisely orthogonal (that is, if
the voltage signals from the channels were precisely proportional to the orthogo-
nal electric fields), then the cross-hands would also be calibrated, except for any
phase difference between them and for possible correlator-based problems. In
practice, however, this proportionality is not obtained, and further calibrations
are necessary. This section describes the additional calibrations needed for the
crossed-hand correlations, L x R and R % L. For notational simplicity, we have
assumed the parallel-hand calibration has been accomplished.

9.1. Stokes parameters

Section 5.2 of Lecture 1 has described the polarization matrix and its relation
to the Stokes’ parameters, I, @}, U, and V. These are four real numbers de-
scribing the polarization state of radiation from a given region of sky, for a
given frequency. Note that (), U and V can be negative. It is quite correct
to consider these as four images which completely characterize the polarization
state of the radiation from the sky. Each of these has an associated visibility
function, which we denote V7, Vi, V7, and Vj,. These cannot be measured indi-
vidually, but appear as linear combinations of the four correlations produced by
the interferometer. From these combinations, the four visibility functions can be
obtained. With the use of R and L polarized feeds, the four visibility functions
are

VIRxR] = Vi+VWy,

VILxL) = Vi—Vy,

VIRxL] = (Vo+iVy)e %X, (5-21)
VIL«R] = (Vg —iVy) %X,

where x is the parallactic angle, which determines the orientation of the feed
with respect to the sky. Other combinations are given by Thompson et al. (1986,
Sec. 4.9).

9.2. Leakage terms

The feeds are not exactly orthogonal; that is, the antenna-feed combination
causes a small amount of right-circular polarization to show up in the left chan-
nel, and vice versa. This ‘leakage’ is defined in the following way: If the provided
voltages are vp and vy, from the RCP and LCP channels, and the true electric
fields are Eg and Er,, then vg = Egre X4+ DgEreX and vy, = Ere’X+DyEpe X,
Note that the voltages are considered to be complex, corresponding to what is
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called the ‘analytic signal’ in the engineering literature. The indicated multi-
plications can be carried out, and assuming the leakage terms, and the circular
and linear terms, are small so that products of them may be ignored, the four
correlations can be expressed as (Bignell & Napier 1978):

VIRxR] = Vi+Vy,

VILxL] = Vi—VW,

VIRxL] = e ?X(Vg+iVy)+ (Dpi + Dio)Vr, (5-22)
V[L x R] e?X(Vg —iViy) + (Dr1 + Do) Vr -

For notational clarity, we have left off a phase rotation e #r=¢L) that should
multiply the final two equations. This term is due to the arbitrary phase differ-
ence that occurs between the two orthogonally polarized channels. This phase
difference is easily determined from observations of a strongly polarized source
of known position angle, as described in the next section. x is the relative angle
of the feed orientation with the sky. For an equatorially mounted antenna, the
parallactic angle is constant unless the feeds are purposely rotated. For an alt—
azimuth mounted antenna, the parallactic angle is a calculable function of time
and position: tan x = cos ¢sinh/(sin ¢ cosd — cos ¢sind cos h).

The leakage terms D can be calculated by observing an unpolarized calibra-
tor point source. In this case, the observed visibility in the cross-hand channels
is a sum of two leakage terms. Using all of the baselines, the two leakage terms
per antenna can be obtained. In general, the calibrator polarization is not zero,
and must be included in the solution. For an alt-az antenna, both the source
polarization and antenna polarization can be simultaneously calculated, since
the change Ay in parallactic angle causes the source and antenna polarizations
to differentially rotate. The varying sum can be used to determine each term.
The accuracy of this separation is dependent upon the strength of the source
and the range of parallactic angle.

9.3. Phase difference between polarization channels

The normal parallel-hand phase calibration calibrates the phase of one polariza-
tion channel of each antenna with respect to the phase of that same channel of
the reference antenna. This is done independently for each polarization channel.
In general, there will then remain a phase difference between the two polarization
channels. The parallel hand calibration ensures that this difference will be the
same for each antenna, and equal to that of the reference antenna. Since the
crossed-hand phase carries information on the visibilities of Stokes’ parameters
Q and U, it is clear that this instrumental phase difference must be removed.

The phase difference of the reference antenna can be measured by observing
a strongly linearly polarized radio source with known parameters @) 4+ :U. Since
we need only the phase difference for one antenna, only one baseline is needed;
a choice of one of the shortest baselines will permit the use of highly polarized
calibrators, which tend to be somewhat resolved.

In the ionosphere, the presence of a magnetic field causes the refraction to
be different for right- and left-circularly polarized radio waves. This produces a
rotation of the plane of the linearly-polarized signal and, equivalently, a phase
rotation between the R polarization channel and the L polarization channel for
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the reference antenna. Since the phase calibration of the other antennas has
been tied to the reference antenna, the difference is uniform over the array.
If this differential Faraday rotation changes over the array, as it will for VLBI
arrays, then the R and L phase calibrations for these antennas will differ. During
periods of high solar activity the phase rotation can be as large as 20 rad m~2,
which produces an angle of 50° at 1.4 GHz. The angle scales with the square of
the wavelength.

Tonospheric models are available to predict the density of electrons and the
strength of the magnetic field, from which estimates of the differential Faraday
rotation can be made. Abrupt changes occur at sunrise and sunset, and signifi-
cant changes occur during the day with time-scales of about one hour. For best
results, at least once an hour observe a highly polarized calibrator source not
more than about 20° from the source.

10. Additional Topics

A potpourri of topics follows in this section. Some deal with fairly subtle and
unusual calibration practices but are worth mentioning. Others deal with cali-
bration of the entire field-of-view of the observations. Nearly all of the discussion
here and elsewhere in the lecture deals only with the central region of the pri-
mary beam.

10.1. The antenna primary beam

In Section 3.1 the calibration of the antenna pointing was discussed. Since
the visibility function measures the spatial coherence function of a fictitious
source A(l,m)I(l,m) (see Eq. 5-1), the effect of the primary beam sensitivity,
A(l,m), must be removed from the image. Although a good theoretical estimate
of A can be made of the central region, above a relative sensitivity of 20%,
direct observations are needed to determine A in the regions < 20% and in the
sidelobes. Observations are made of a very strong calibrator. Assuming all of the
antennas are identical, you choose a convenient antenna pair, point one directly
at the source and mis-point the other over the area of sky in which you want
to determine the primary beam sensitivity. You take occasional observations
with the second telescope pointed directly at the source, in order to determine
variations of the antenna amplitude and phase with time. The complex ratio of
the visibility measured at any desired location in the sky to visibility measured
on-axis is the normalized reception wvoltage pattern. If two polarizations are
observed, this procedure should be done for all four polarization correlations.

An interesting sidelight is that the Fourier transform of the complex rel-
ative visibility function, as a function of distance from the phase center, gives
the distribution of the electric field on the aperture plane of the antenna. De-
partures of the phase from zero can be interpreted as surface deviations from a
true paraboloid and thus measure the accuracy of the surface. This technique
is commonly used for surface measurements of large telescopes, and is called
holography (see Lectures 3 and 28).

The absolute value of the voltage pattern is A(l,m). The image made from
the Fourier transform of the calibrated visibility function must be corrected for
the primary beam sensitivity in order to determine the distribution of inten-
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sity in the sky. This correction becomes crucial when very large sources that
cover several primary beam areas are to be combined into one image (see Lec-
ture 20), when comparisons at widely different frequencies are made, and when
the polarization properties of large sources are of interest.

Several other problems associated with the antenna pointing and finite size
occur and will be briefly mentioned:

1. Beam-squint between polarizations: For off-axis feed systems like those
of the VLA and VLBA, there is a slight displacement of about 0.05 FWHP
between the RCP and LCP electrical pointing centers. For accurate images
of very extended sources, the primary beam correction of each must be done
separately. The image difference between the two parallel hands will often show
false circularly polarized sources where the two primary beam corrections differ.

2. Polarization characteristics across the beam: The calibration of the
leakage terms D, described in Section 9 and also in Lecture 6, can be made
at each location in the primary beam. It is found that the D’s substantially
change outside of the 50% sensitivity region of the beam. Thus the relative
linear combinations of the four Stokes parameters are mixed-up across the beam,
invalidating the basic synthesis equation. And thus, outside of this area, it is
difficult to reliably measure degrees of linear polarization lower than about 5%.

3. Alt-azimuth antenna mount: For the VLA and the VLBA the alt—
azimuth mounting produces a rotation, measured by the parallactic angle y,
of the antenna relative to the sky. Unless the primary beam response is per-
fectly circular (i.e., identical along all radii), extended observations will cause
an effective change in the primary beam sensitivity across the source. Such
non-circularity is more pronounced for the cross-hand correlations than for the
parallel-handed. A (tedious) solution is to image only that part of the data in
which the parallactic angle has not changed by more than, say, 10°, correct for
the instantaneous primary beam sensitivity, repeat, and then sum up all the
corrected intensity distributions.

4. Different antenna in the array: In general, the synthesis properties of an
array with more than two elements is invalidated if the antennas are dissimilar.
This is because the effective primary beam sensitivity is different for different
baselines and the sampled coherence function is not uniquely associated with
one intensity distribution. For two-element arrays, the product of the voltage
primary beam patterns applies. Many VLBI arrays are composed of widely
different diameter antennas; since all of the sources under study are extremely
small in angular size, they are all virtually at the beam center, so the details of
the primary beam patterns are irrelevant.

10.2. Bandwidth smearing

When observing over large instantaneous bandwidths, distortions occur in parts
of the image far removed from the phase center. This effect, chromatic aberra-
tion, is discussed in detail in Lectures 17 and 18. As a rule-of-thumb, chromatic
aberration becomes significant when the offset, measured in units of synthe-
sized beamwidths, and multiplied by the fractional bandwidth, is of order unity.
It produces a radial smearing whose shape is the effective bandpass convolved
with the source structure. Deconvolution techniques, generalized to recognize
this smearing, can be used to obtain an estimate of the intensity distribution.
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The smearing can be avoided only by separating the observations into a set of
narrower-bandwidth channels by using filters, or by cross-correlation techniques
in which many delay centers are used (see Sec. 5).

10.3. Dual-frequency ionospheric calibration

Over most of the radio frequency spectrum, the ionospheric refraction varies as
the wavelength squared, so the effect of the ionosphere on the visibility phase is
proportional to the wavelength. If a point source is observed, or the structure of
the source is known or can be assumed to be invariant between two frequencies,
the effects of the ionosphere on the phase can be removed (Fomalont & Sramek
1977). Given two observations of the source phase, ¢; and ¢, at frequencies v
and s, the corrected phase ¢., which would have been measured in the absence
of the ionosphere, is:
Voo — V11
vo—vi

¢c:

The corrected phase is the sum of the true visibility phase and an instrumental
phase. The latter can be determined from an observation of any calibrator.
This technique is used for geodetic VLBI, with the delay replacing the phase.
Common dual-frequency pairs are (2.3 GHz, 8.1 GHz) and (1.3 GHz, 1.6 GHz).

(5-23)

10.4. Relative vs. absolute calibration

If the radio source is strong and the signal-to-noise ratio of the visibility is
greater than about five (for each integration time and for each baseline), then
self-calibration techniques will likely succeed. In principle, there is no need to
calibrate the data at all. It is advisable to observe a very strong source to
determine the closure errors, and blank sky to determine the offset terms. If
polarization information is required, proper calibration of the leakage terms is
needed, using an unpolarized source and observations of the polarized source
to calculate the differential Faraday rotation. An observation of a flux density
standard is necessary to determine the flux density scale.

Alternating the observations between the source and a nearby calibrator
aids in removing some of the tropospheric refraction errors and often produces
an image with dynamic range > 100: 1. The position of the source then is known
with respect to that of the calibrator, but with some residual error caused by any
long-term directional dependencies of the phase. Even if self-calibration tech-
niques will be useful, this normal calibration will produce a good first image that
may be then used for further self-calibration. When one uses the no-calibration
scheme described in the last paragraph, a good first estimate of the source struc-
ture is not available: this is the usual case in VLBI observations. If the source
is very complicated and the (u,v) coverage is poor, then ambiguities in the self-
calibration process may become important, especially in the absence of a good
starting model of the source. Relative motion of the source, or of parts of the
source, over long periods of time can be determined if the same calibrator is
used for all observations. Registration of images made at different frequencies,
at different times, and with different configurations are made easier by using the
same calibrator source. If the radio field contains many radio sources, then the
images at different epochs can be registered by aligning the background sources
in the final images, in order to determine relative motion of the source of interest.
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True absolute measurements of radio source positions or antenna positions
require careful calibration of the directional dependence of the phase, as de-
scribed in Section 7.7. The origin of right ascension is a fundamental problem.
Full use of Equation 5-3, with many additional terms, is needed. Often, correc-
tions are made to the zenith path delay as a function of time.
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